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Polynomial Growth Harmonic Functions on
Finitely Generated Abelian Groups
Bobo Hua∗ Ju¨rgen Jost† Xianqing Li-Jost‡
Abstract
In the present paper, we develop geometric analysis techniques on Cay-
ley graphs of finitely generated abelian groups to study the polynomial
growth harmonic functions. We provide a geometric analysis proof of the
classical Heilbronn theorem [22] and the recent Nayar theorem [44] on
polynomial growth harmonic functions on lattices Zn that does not use
a representation formula for harmonic functions. In the abelian group
case, by Yau’s gradient estimate we actually give a simplified proof of
a general polynomial growth harmonic function theorem of Alexopoulos
[3]. We calculate the precise dimension of the space of polynomial growth
harmonic functions on finitely generated abelian groups by linear algebra,
rather than by Floquet theory Kuchment-Pinchover [30]. While the Cay-
ley graph not only depends on the abelian group, but also on the choice of
a generating set, we find that this dimension depends only on the group
itself. Moreover, we also calculate the dimension of solutions to higher
order Laplace operators.
1 Introduction
Classically, in 1948 Heilbronn [22] proved the polynomial growth harmonic
function theorem on the lattice Zn that polynomial growth discrete harmonic
functions are polynomials, and calculated the dimension of the space of poly-
nomial growth discrete harmonic functions. Recently, Nayar [44] gave another
proof of this theorem by the probabilistic method. Their proofs all depend on
the representation formula for discrete harmonic functions. In this paper, we
give a geometric analysis proof that can yield more general results.
The study of harmonic polynomials on Rn is classical, and the precise di-
mension calculation of harmonic polynomials can be found in [36]. In 1975, Yau
[52] proved the Liouville theorem for harmonic functions on Riemannian man-
ifolds with nonnegative Ricci curvature. Then Cheng-Yau [8] used Bochner’s
technique to derive the gradient estimate for positive harmonic functions, called
Yau’s gradient estimate, which implies that sublinear growth harmonic functions
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on these manifolds are constant. Then Yau [53, 54] conjectured that the space
of polynomial growth harmonic functions of growth order less than or equal to d
on Riemannian manifolds with nonnegative Ricci is of finite dimension. Li-Tam
[37] and Donnelly-Fefferman [18] independently solved the conjecture for mani-
folds of dimension two. Then Colding-Minicozzi [10, 11, 12] gave the affirmative
answer by using the volume doubling property and the Poincare´ inequality for
arbitrary dimension. The simplified argument by the mean value inequality can
be found in [35, 13] where the dimension estimate is asymptotically optimal.
This inspired many generalizations on manifolds [51, 50, 48, 38, 39, 7, 28, 34]
and on singular spaces [16, 29, 24, 25, 27]. In this paper, we give the pre-
cise dimension calculation of polynomial growth harmonic functions on finitely
generated abelian groups.
In another direction, Avellaneda-Lin [5] first proved the polynomial growth
harmonic function theorem for elliptic differential operators with periodic coef-
ficients in Rn (see [32, 1, 2, 4, 41, 40] for more generalizations). Alexopoulos [3]
proved a more general polynomial growth harmonic function theorem for groups
of polynomial volume growth. By a celebrated theorem of Gromov [20], every
finitely generated groupG of polynomial growth is virtually nilpotent (i.e. it has
a nilpotent subgroup H of finite index). For some torsion-free finite-index sub-
group H ′ of H, it can be embedded as a lattice in a simply connected nilpotent
Lie group N. By considering the exponential coordinate of N, N is identified
with Rn (see [45]). Alexopoulos proved that every polynomial growth harmonic
function on G, when restricted to H ′, can be extended to a polynomial on Rn.
He used the homogenization theory, Krylov-Safonov’s argument and some ideas
of Avellaneda-Lin [5]. Instead of doing that, we shall prove Yau’s gradient
estimate on abelian groups to simplify the argument in this special case.
From another point of view, Kuchment-Pinchover [30] introduced a method
in Floquet theory to study the space of solutions to periodic elliptic equations
on the abelian cover of a compact Riemannian manifold or a finite graph. They
calculated the dimension of polynomial growth solutions to the standard opera-
tors, in particular, the Laplace operators, which covers our results. The aim of
this paper is to provide a geometric point of view of this problem. We will use
some geometric analysis favored methods and basic linear algebra to investigate
this problem which may shed some light on how to solve these problems on
general graphs.
We develop some geometric analysis techniques on Cayley graphs of finitely
generated abelian groups. Firstly, we prove Yau’s gradient estimate (see The-
orem 1.1) for positive discrete harmonic functions. Note that Kleiner [29] ob-
tained the Poincare´ inequality on Cayley graphs of finitely generated (not nec-
essarily abelian) groups (see also [47]). For the abelian case, combining it with
the natural volume doubling property, we obtain the uniform Poincare´ inequal-
ity (see Lemma 3.1) from which the mean value inequality follows by the Moser
iteration. In addition, for an abelian group, Bochner’s formula can be easily
verified, i.e. |∇u|2 is subharmonic for a discrete harmonic function u which is
essentially due to Chung-Yau [9] and Lin-Yau [43] on Ricci flat graphs. Then
these results together imply Yau’s gradient estimate on Cayley graphs of finitely
generated abelian groups as in the case of Riemannian manifolds with nonneg-
ative Ricci curvature. Besides the geometric method, this can also be obtained
by the local central limit theorem, a probabilistic method (see Theorem 1.7.1 in
Lawler [33] for the standard lattice case). By the fundamental theorem of finitely
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generated abelian group (see [49, 46]), any finitely generated abelian group G is
isomorphic to the direct sum Zm
⊕
⊕li=1Zqi , where m, l ∈ N, qi = p
ai
i for some
prime number pi and ai ∈ N.
Theorem 1.1 (Yau’s gradient estimate). Let (G,S) be the Cayley graph of a
finitely generated abelian group with symmetric generating set S (i.e. S = −S),
and G ∼= Zm
⊕
⊕li=1Zqi . Then there exist constants C1 and C2 depending only
on m and S, such that for any x ∈ G, R ≥ 1 and any positive discrete harmonic
function f on BC1R(x), we have
|∇f |(x) ≤
C2
R
f(x). (1.1)
Secondly, from Yau’s gradient estimate, we know that |∇f | ≤ CRd−1, on
BR for R ≥ R0 if the discrete harmonic function f satisfies |f | ≤ CR
d on BR
for R ≥ R1. That is, the growth order decreases when we take derivatives.
This is the key to an induction argument to give a geometric analysis proof
of Heilbronn’s theorem. This scheme will, in fact, work for all abelian groups.
Let us denote the set of polynomial growth harmonic functions of growth order
less than or equal to d on the Cayley graph (G,S) by Hd(G,S) := {u : G →
R | LSu = 0, |u|(x) ≤ C(dS(p, x) + 1)d}, where LS is the Laplacian operator
on (G,S), dS is the distance function to some fixed p ∈ G. For the finitely
generated abelian group G = G1 ⊕G2 ∼= Z
m
⊕
⊕li=1Zqi , we define the natural
projection
πG1 : G→ G1,
x 7→ πG1(x) = x1,
for x = x1+x2, x1 ∈ G1 and x2 ∈ G2. It is easy to see that πG1S is a generating
set of G1 if S is a generating set of G.
Theorem 1.2 (Generalized Heilbronn’s theorem). Let (G,S) be the Cayley
graph of a finitely generated abelian group, G = G1 ⊕ G2 ∼= Z
m
⊕
⊕li=1Zqi .
Then
Hd(G,S) = Hd(G1, πG1S),
moreover any f ∈ Hd(G,S) is a polynomial when it is restricted to G1 ∼= Z
m,
and it is constant on G2 i.e. f(x+ w) = f(x), for ∀x ∈ G, ∀w ∈ G2.
Nayar [44] proved a strong version of Heilbronn’s theorem. We denote by
HMd(G,S) := Span{u : G → R | LSu = 0, u(x) ≥ −C(dS(p, x) + 1)d} the
linear span of one-sided bounded polynomial growth harmonic functions. It is
trivial that Hd(G,S) ⊂ HMd(G,S). By the Harnack inequality (3.4), we give
a geometric analysis proof of Nayar’s theorem.
Theorem 1.3 (Generalized Nayar’s theorem). Let (G,S) be the Cayley graph
of a finitely generated abelian group, G = G1 ⊕G2 ∼= Z
m
⊕
⊕li=1Zqi . Then
HMd(G,S) = Hd(G,S) = Hd(G1, πG1S).
Thirdly, for discrete harmonic polynomials we calculate the precise dimen-
sion by linear algebra. In fact, instead of using the technical lemma (see [19, 23])
from difference equations as Heilbronn [22] did in the lattice case, we apply the
dimension comparison argument with harmonic polynomials in Rn. Conversely,
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our argument provides a proof of this difference equation lemma. Moreover,
we can calculate the dimension of the space of polynomial growth harmonic
functions on arbitrary Cayley graph of a finitely generated abelian group. It
is surprising that the dimension of polynomial growth harmonic functions does
not depend on the choice of generating set S for the abelian group G. Actually,
the graph structures of two Cayley graphs of the abelian group G with two gen-
erating set S1, S2 can be quite different. While the Laplacian operator depends
on the generating set, the dimension of polynomial growth harmonic functions
does not. We denote by HP k(Rm) the space of harmonic polynomials on Rm
with degree less than or equal to k, k ∈ N∪{0}. It is well known (see [36]) that
dimHP k(Rm) =
Ç
m+ k − 1
k
å
+
Ç
m+ k − 2
k − 1
å
.
Theorem 1.4 (Dimension calculation). Let (G,S) be the Cayley graph of a
finitely generated abelian group, G = G1 ⊕G2 ∼= Z
m
⊕
⊕li=1Zqi . Then
dimHMd(G,S) = dimHd(G,S) = dimHP [d](Rm).
In the last section, we study some higher order operators. The nth order
Laplace operator is defined as
Ln,S = LS ◦ LS ◦ · · · ◦ LS ,
i.e. n-times composition of Laplace operators. These operators correspond to
higher order elliptic operators in the continuous setting. For instance, when n =
2, L2,S is a discrete generalization of the bi-Laplace operator ∆2. A function u on
G is called discrete n-harmonic if Ln,Su = 0. Let us denote byHn,d(G,S) := {u :
G→ R | Ln,Su = 0, |u|(x) ≤ C(dS(p, x) + 1)d} the space of polynomial growth
n-harmonic functions of growth order not larger than d. By the techniques
developed before for harmonic functions, we also obtain the precise dimension
of Hn,d(G,S).
Theorem 1.5. Let (G,S) be the Cayley graph of a finitely generated abelian
group, G = G1 ⊕G2 ∼= Z
m
⊕
⊕li=1Zqi . Then
Hn,d(G,S) = Hn,d(G1, πG1S),
moreover any f ∈ Hn,d(G,S) is a polynomial on G1 ∼= Z
m, and constant on
G2. In addition,
dimHn,d(G,S) =
[d]∑
i=[d]−2n+1
Ç
m+ i− 1
i
å
.
Since we do not use the representation formula, this method can be applied
in more general settings. In fact, Bochner’s formula is proved for Ricci flat
graphs by Chung-Yau [9], but it is not easy to get the volume control or the
Poincare´ inequality in that case. Lin-Yau [43] proved Bochner’s formula for
general graphs, but this does not lead to a version of Yau’s gradient estimate
analogous to the case of Riemannian manifolds with nonnegative Ricci curva-
ture. In the Cayley graph case, Kleiner [29] obtained the Poincare´ inequality,
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but for non-abelian groups, Bochner’s formula is unavailable (consider the free
group case). For some special graphs which can be embedded into a surface with
nonnegative sectional curvature in the sense of Alexandrov, Hua-Jost-Liu [27]
proved the volume doubling property and the Poincare´ inequality but Bochner’s
formula. It seems that Bochner’s formula is sensitive to the local structure, but
the volume growth property and the Poincare´ inequality are not, c.f. [15]. Hence
the abelian groups are very suitable candidates for the application of Bochner’s
formula and Yau’s gradient estimate. In addition, Alexopoulos’ theorem [3] is
more general than ours, but it depends on the embedding of the nilpotent sub-
group to simply connected Lie group. It seems hard to calculate the precise
dimension of polynomial growth harmonic functions on groups of polynomial
volume growth. One step back, we give a dimension estimate by the geometric
method in [26].
2 Preliminaries and Notations
Let G be an abelian group. It is called finitely generated if it has a fi-
nite generating set. In this paper, we assume that any finite generating set
S = {s1, s2, · · · , s2l} of G is symmetric, i.e. S = −S, or more precisely
si = −si+l, 1 ≤ i ≤ l, but we do allow that elements of S are repeated, that is
possibly si = sj for some i 6= j. We also allow 0 ∈ S. For any finitely generated
abelian group G with a generating set S, we have the associated Cayley graph
(V,E) for which V = G, and xy ∈ E (denoted by x ∼ y) if y − x ∈ S for
x, y ∈ V. The duplicity of elements in S produces multiedges between vertices,
and 0 ∈ S makes self-loops. The vertices x and y are called neighbors if x ∼ y.
The degree of a vertex x is the number of its neighbors. Note that all vertices
in (G,S) have the same degree ♯S, the cardinality of S. For the lattice Zn with
the standard generating set S0 = {ei}
2n
i=1, where ei = (0, · · · , 1, · · · , 0) is the
i-th unit vector and ei = −ei+n, 1 ≤ i ≤ n, we obtain the standard integer
lattice in Rn. This is the object Heilbronn [22] and Nayar [44] studied. In this
paper, we consider the discrete harmonic functions on Cayley graphs of G with
arbitrary finite generating set S.
The Cayley graph of (G,S) is endowed with a natural metric, called the
word metric (c.f. [6]). For any x, y ∈ G, the distance between them is defined
as the length of the shortest path connecting x and y (each edge is of length
one),
dS(x, y) := inf{k ∈ N | ∃ x = x0 ∼ x1 ∼ · · · ∼ xk = y}.
Denote by BSr (x) := {y ∈ G | d
S(y, x) ≤ r} the closed geodesic ball centered
at x of radius r (r > 0). The volume of BSr (x) is |B
S
r (x)| := ♯G ∩ B
S
r (x), i.e.
the number of vertices contained in BSr (x). For the subset Ω ⊂ G, d
S(x,Ω) :=
inf{dS(x, y) | y ∈ Ω} for any x ∈ G, ∂Ω := {z ∈ G | dS(z,Ω) = 1}, and
Ω¯ := Ω ∪ ∂Ω. For any function f : Ω¯ → R, the discrete Laplacian operator is
defined on Ω as (x ∈ Ω)
LSf(x) =
∑
y∼x
(f(y)− f(x)).
The function f is called discrete harmonic (subharmonic) on Ω if LSf(x) = 0 (≥
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0) for all x ∈ Ω. In the lattice case (Zn, S0), the Laplacian operator is
LS
0
f(x) =
2n∑
i=1
(f(x+ ei)− f(x)).
Moreover, the nth order Laplace operator is defined as
Ln,S = LS ◦ LS ◦ · · · ◦ LS ,
i.e. n-times composition of Laplace operators. These operators are counterparts
of higher order elliptic operators in the continuous setting. A function f is
called n-harmonic if Ln,Sf = 0. The gradient of f at x ∈ Ω is defined as
|∇Sf |(x) =
»∑
y∼x(f(y)− f(x))
2.We also need the partial difference operator
(for s ∈ S and x ∈ Ω)
δsf(x) := f(x+ s)− f(x).
For Cayley graphs of (G,S1) and (G,S2), it is known (c.f. [31, 20]) that
C1d
S1(x, y) ≤ dS2(x, y) ≤ C2d
S1(x, y),
for any x, y ∈ G, where C1 and C2 depend only on S1, S2. They are bi-Lipschitz
equivalent in the metric point of view. Hence for any x ∈ G, r > 0,
|BS1r
C2
(x)| ≤ |BS2r (x)| ≤ |B
S1
r
C1
(x)|.
By the fundamental theorem of finitely generated abelian groups [49, 46], any
finitely generated abelian groupG is isomorphic to the direct sumZm
⊕
⊕li=1Zqi ,
where m, l ∈ N, qi = p
ai
i for some prime number pi and some ai ∈ N. Hence
there exists a generating set S0 = {e1, · · · , e2m, w1, · · · , w2l} (ei = −ei+m, wj =
−wj+l, for 1 ≤ i ≤ m, 1 ≤ j ≤ l) such that G is identified with Z
m
⊕
⊕li=1Zqi ,
where {e1 · · · e2m} generates the torsion-free part Z
m and {w1 · · ·w2l} gener-
ates the torsion part ⊕li=1Zqi . For (G,S
0) it is easy to see that C1(m,S
0)rm ≤
|BS
0
r (x)| ≤ C2(m,S
0)rm, and |BS
0
2r (x)| ≤ C3(m,S
0)|BS
0
r (x)|, for any x ∈ G and
r ≥ 1. Hence by the bi-Lipschitz equivalence, for any Cayley graph (G,S) we
have
C1(m,S
0, S)rm ≤ |BSr (x)| ≤ C2(m,S
0, S)rm,
|BS2r(x)| ≤ C3(m,S
0, S)|BSr (x)|. (2.1)
The volume growth property (2.1) is called the volume doubling property.
In the sequel, for simplicity we shall omit S from our notation, e.g., Br(x) :=
BSr (x), if it does not cause any confusion. Also harmonic functions on G mean
discrete harmonic functions. And constants C may change from line to line.
3 Yau’s Gradient Estimate
In this section, we prove Bochner’s formula on finitely generated abelian
groups and derive Yau’s gradient estimate analogous to the one in Riemannian
manifolds with nonnegative Ricci curvature.
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Kleiner [29] proved the Poincare´ inequality on Cayley graphs of finitely gen-
erated (not necessarily abelian) groups. Let (G,S) be the Cayley graph of the
finitely generated abelian group
G ∼= Zm
⊕
⊕li=1Zqi . (3.1)
By the volume doubling property (2.1), we obtain the uniform Poincare´ inequal-
ity.
Lemma 3.1 (Poincare´ inequality, [29]). Let (G,S) be the Cayley graph as (3.1).
Then there exists a constant C(m,S) such that for any p ∈ G, R > 0 and any
function f : B3R(p)→ R we have
∑
x∈BR(p)
(f(x) − fBR)
2 ≤ CR2
∑
x,y∈B3R(p);x∼y
(f(x) − f(y))2, (3.2)
where fBR =
1
|BR(p)|
∑
x∈BR(p) f(x).
Note that by the independent works of Delmotte [17] and Holopainen-Soardi
[21] the Moser iteration can be carried out for harmonic functions on graphs
satisfying the volume doubling property and the Poincare´ inequality. First, the
Caccioppoli inequality for harmonic functions was obtained for general graphs
with bounded degree (c.f. [14, 42, 21]).
Lemma 3.2 (Caccioppoli inequality). Let (G,S) be the Cayley graph as (3.1).
For any harmonic function f on B6R(p), R ≥ 1, it holds that
∑
x∈BR(p)
|∇f |2(x) ≤
C
R2
∑
x∈B6R(p)
f2(x), (3.3)
where C = C(S).
The Moser iteration implies the Harnack inequality for positive harmonic
functions.
Lemma 3.3 (Harnack inequality). Let (G,S) be the Cayley graph as (3.1).
Then there exist constants C1(m,S) and C2(m,S) such that for any p ∈ G,
R ≥ 1 and any positive harmonic function f on BC1R(p) we have
max
BR(p)
f ≤ C2 min
BR(p)
f. (3.4)
The mean value inequality follows from one part of Moser iteration (c.f.
[14, 17, 21]).
Lemma 3.4 (Mean value inequality). Let (G,S) be the Cayley graph as (3.1).
Then there exists a constant C1(m,S) such that for any p ∈ G, R > 0 and any
nonnegative subharmonic function f on BR(p) we have
f(p) ≤
C1
|BR(p)|
∑
x∈BR(p)
f(x). (3.5)
The following Liouville theorem is a corollary of the Harnack inequality (3.4).
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Lemma 3.5 (Liouville theorem). Let (G,S) be the Cayley graph as (3.1). Then
any nonnegative harmonic function f on G is constant.
Bochner’s formula was obtained by Chung-Yau and Lin-Yau on Ricci flat
graphs ([9, 43]). For the case of Cayley graphs of finitely generated abelian
groups, we present the proof here for the convenience of readers.
Lemma 3.6 (Bochner’s formula). Let (G,S) be the Cayley graph as (3.1) and
f be a harmonic function defined on B1(x), for x ∈ G. Then
LS |∇f |2(x) ≥ 0. (3.6)
Proof. Let us denote S = {s1, s2, · · · , s2l}, where si = −si+l, 1 ≤ i ≤ l. Then
|∇f |2(x) =
∑
y∼x
(f(y)− f(x))2 =
2l∑
i=1
|δsif |
2(x).
Without loss of generality, it suffices to prove
LS |δs1f |
2(x) ≥ 0.
LS|δs1f |
2(x) =
∑
y∼x
(|δs1f |
2(y)− |δs1f |
2(x))
=
∑
y∼x
(f(y + s1)− f(y))
2 − 2l|δs1f |
2(x)
≥
1
2l
[
∑
y∼x
f(y + s1)− f(y)]
2 − 2l|δs1f |
2(x) (3.7)
=
1
2l
[
2l∑
i=1
f(x+ si + s1)−
∑
y∼x
f(y)]2 − 2l|δs1f |
2(x)
=
1
2l
[
∑
z∼(x+s1)
f(z)−
∑
y∼x
f(y)]2 − 2l|δs1f |
2(x)
=
1
2l
[2lf(x+ s1)− 2lf(x)]
2 − 2l|δs1f |
2(x) (3.8)
= 0,
where we use the Ho¨lder inequality in (3.7) and the harmonicity of f in (3.8).
Combining Bochner’s formula with previous results, we obtain Yau’s gradient
estimate for positive harmonic functions.
Proof of Theorem 1.1. We choose C1 = 7C
′
1, where C
′
1 > 1 is the constant
C1(m,S) in Lemma 3.3. Bochner’s formula (3.6) implies that |∇f |
2 is a sub-
harmonic function on BC1R(x). Then the theorem follows from the mean value
inequality (3.5), the Caccioppoli inequality (3.3), the volume doubling property
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(2.1) and the Harnack inequality (3.4),
|∇f |2(x) ≤
C
|BR(x)|
∑
y∈BR(x)
|∇f |2(y)
≤
C
R2|BR(x)|
∑
y∈B6R(x)
f2(y)
≤
C
R2|B6R(x)|
∑
y∈B6R(x)
f2(y)
≤
C
R2
f2(x).
Corollary 3.7. Let (G,S) be the Cayley graph as (3.1). There exist constants
C1(m,S) and C2(m,S) such that for any x ∈ G, R ≥ 1 any harmonic function
f on BC1R(x) we have
|∇f |(x) ≤
C2
R
osc
BC1R(x)
f, (3.9)
where oscBC1R(x) f := maxBC1R(x) f −minBC1R(x) f.
Proof. It suffices to choose f − minBC1R(x) f + ǫ (for small ǫ) as the positive
harmonic function in Theorem 1.1.
4 Polynomial Growth Harmonic Functions are
Polynomials
The fundamental theorem of finitely generated abelian groups implies that
for any finitely generated abelian group G there exists a generating set S0 =
{e1, · · · , e2m, w1, · · · , w2l} (ei = −ei+m, wj = −wj+l, for 1 ≤ i ≤ m, 1 ≤ j ≤ l)
such that G = G1 ⊕ G2 is identified with Z
m
⊕
⊕li=1Zqi , where {e1 · · · e2m}
generates the torsion-free part G1 ∼= Z
m and {w1 · · ·w2l} generates the torsion
part G2 ∼= ⊕
l
i=1Zqi . For some fixed p ∈ G, we denote by H
d(G,S) = {u : G→
R | LSu = 0, ∃C s.t. |u(x)| ≤ C(dS(p, x) + 1)d} the space of polynomial growth
harmonic functions on G of growth order less than or equal to d. For fixed S0,
G1 is identified with Z
m, then we denote by P d(Zm) := P d(Rm) the space of
polynomials in Rm restricted to the lattice Zm with degree less than or equal
to d.
First, we consider the easy case that G is torsion-free, i.e. G ∼= Zm. The
following theorem generalizes the classical theorem of Heilbronn [22].
Theorem 4.1. Let (G,S) be the Cayley graph of a torsion-free finitely generated
abelian group, G ∼= Zm. Then polynomial growth harmonic functions on G are
polynomials, i.e.
Hd(G,S) ⊂ P d(Zm).
Proof. Let S0 = {e1, · · · , e2m} be the standard basis for Z
m, S = {s1, · · · , s2l}
be the generating set for the Cayley graph (G,S). Then
ei =
2l∑
k=1
aki sk,
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where aki ∈ Z for 1 ≤ i ≤ 2m, 1 ≤ k ≤ 2l. Let
δif(x) := δeif(x) = f(x+ ei)− f(x),
for 1 ≤ i ≤ 2m. Since G is abelian, it is easy to show that
LSδif = δiL
Sf
which implies that δif is harmonic if f is.
We claim that δif ∈ H
d−1(G,S) if f ∈ Hd(G,S). Although for any x ∈ G, x
and x+ ei may not be neighbors in the Cayley graph (G,S), there exists a path
from x to x+ ei = x+
∑2l
k=1 a
k
i sk, i.e. x = x0 ∼ x1 ∼ · · · ∼ xt = x+ ei, whose
length is t :=
∑2l
k=1 |a
k
i | ≤ C(S
0, S). Note that f ∈ Hd(G,S)⇐⇒ oscBR(p) f ≤
CRd for some fixed p ∈ G and sufficiently large R ≥ R0. For any x ∈ G,
1 ≤ i ≤ 2m,
|δif |(x) = |f(x+ ei)− f(x)|
≤ |f(x+ ei)− f(xt−1)|+ |f(xt−1)− f(xt−2)|+ · · ·+ |f(x1)− f(x)|
≤
t−1∑
j=0
|∇f |(xj)
≤
C
R
osc
B2R(x)
f,
for R ≥ R1(S
0, S), since xj ∈ BC(x), for 0 ≤ j ≤ t − 1. The last inequality
follows from Corollary 3.7. For any x ∈ BR(p), we have B2R(x) ⊂ B3R(p). Then
osc
BR(p)
δif ≤ 2 max
x∈BR(p)
|δif |(x) ≤
C
R
osc
B3R(p)
f ≤ CRd−1,
for R ≥ R1. This proves the claim.
Hence by taking finitely many times partial differences and the Liouville
theorem (Lemma 3.5), we obtain
δk11 δ
k2
2 · · · δ
k2m
2m f = 0,
for any k1+k2+ · · ·+k2m ≥ [d]+1 and f ∈ H
d(G,S), where [d] is the maximal
integer not exceeding d. By the basic difference equation theory or Lemma 2.13
in Nayar [44], we conclude that f is a polynomial.
Then we can prove the generalized Heilbronn’s theorem.
Proof of Theorem 1.2. It suffices to show that f is constant on G2, i.e. f(x +
w) = f(x), for any x ∈ G, w ∈ G2. An alternative method by covering argument
can be found in the last section.
Let S0 = {e1, · · · , e2m, w1, · · · , w2l} (ei = −ei+m, wj = −wj+l, for 1 ≤
i ≤ m, 1 ≤ j ≤ l) such that G = G1 ⊕ G2 is identified with Z
m
⊕
⊕li=1Zqi ,
where {e1 · · · e2m} generates the torsion-free part G1 ∼= Z
m and {wj , wj+l}
generates Zqi . Let δwjf(x) := f(x + wj) − f(x). The same argument as in
the proof Theorem 4.1 implies that δwjf ∈ H
d−1(G,S) if f ∈ Hd(G,S). Then
δ
[d]+1
wj f ≡ 0, for f ∈ H
d(G,S). For fixed x ∈ G, lifting Zqj to Z, we obtain that f
is a polynomial on Z. Hence as a periodic polynomial f , i.e. f(x+(r+kqj)wj) =
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f(x+ rwj) for any k, r ∈ Z, must be constant, i.e. f(x+ rwj) = f(x), for any
r ∈ Z. Since this is true for any 1 ≤ j ≤ l, we obtain f(x+ w) = f(x), for any
x ∈ G, w ∈ G2. Then it is easy to see that L
piG1Sf(x1) = 0 for any x1 ∈ G1 if
LSf(x) = 0 for any x ∈ G. Hence Hd(G,S) = Hd(G1, πG1S) ⊂ P
[d](Zm).
By the Harnack inequality, we reprove Nayar’s theorem.
Proof of Theorem 1.3. It suffices to showHMd(G,S) ⊂ Hd(G,S).Without loss
of generality, for any harmonic function f satisfying f(x) ≥ −C(d(p, x)+1)d, we
need to prove that f(x) ≤ C(d(p, x)+1)d, for some C. For simplicity, we assume
f(p) = 0. Let C1 be the constant for the Harnack inequality in the Lemma 3.3.
Then for any x ∈ BR(p), R > 0, it is easy to see that BC1R(x) ⊂ B(C1+1)R(p).
Moreover
f(y) ≥ −C(d(p, y) + 1)d ≥ −C((C1 + 1)R+ 1)
d ≥ −CRd,
for y ∈ B(C1+1)R(p), R ≥ 1. That is f(y) +CR
d ≥ 0 on BC1R(x). The Harnack
inequality (3.4) implies that
f(x) + CRd ≤ C(f(p) + CRd) = C2R
d.
Then we have
f(x) ≤ CRd,
for x ∈ BR(p), R ≥ 1. Hence there exists a constant C such that f(x) ≤
C(d(p, x) + 1)d.
5 Calculating the Dimension
For calculating the dimension, by Theorem 1.2, it suffices to consider har-
monic polynomials on a torsion-free finitely generated abelian group. Let (G,S)
be the Cayley graph ofG ∼= Zm. There exists a generating set S0 = {e1, · · · , e2n}
such that G is identified with Zm in Rm. For k ∈ N ∪ {0}, we denote by
P k(Rm) the space of polynomials on Rm of degree less than or equal to k, by
P km := P
k(Zm) := {u : Zm → R | u|Zm = f |Zm , f ∈ P
k(Rm)} the space of the
restriction of polynomials on Rm to Zm of degree less than or equal to k. We
denote by Rkm := HP
k(Rm) the space of harmonic polynomials on Rm (∆u = 0)
of degree less than or equal to k. For the Cayley graph (G,S) which is identified
with (Zm, S), we set DkS,m := HP
k(Zm, S) := {u ∈ P k(Zm) | LSu = 0}. In
order to calculate the dimension of discrete harmonic polynomials, we make the
dimension comparison between DkS,m and R
k
m. It is well known for harmonic
polynomials on Rm (see [36]) that
dimRkm =
Ç
m+ k − 1
k
å
+
Ç
m+ k − 2
k − 1
å
, (k ≥ 1, dimR0m = 1)
dimRkm = dimR
k
m−1 + dimR
k−1
m , (k ≥ 1)
dimP km = dimP
k(Rm) =
k∑
i=0
Ç
m+ i− 1
i
å
, (k ≥ 0)
dimP km = dimR
k
m + dimP
k−2
m . (k ≥ 2)
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Lemma 5.1.
dimDkS,1 = dimR
k
1 = 2, (5.1)
for any S, k ≥ 1.
Proof. Let S = {ai}
2l
i=1, ai ∈ Z, and ai = −ai+l for 1 ≤ i ≤ l. Since S is a
generating set, at least one ai 6= 0. For any f ∈ D
k
S,1, f = bkx
k + bk−1x
k−1 +
· · ·+ b0, where b0, b1, · · · , bk ∈ R. By Taylor expansion, the difference equation
LSf = 0 reads
∞∑
n=1
l∑
i=1
2
a2ni
(2n)!
f (2n)(x) = 0.
Comparing the degree of polynomials, we have
(bkx
k)′′ = 0,
for x ∈ Z. Hence, k ≤ 1, i.e. f is linear.
Lemma 5.2.
dimDkS,m ≤ dimR
k
m, (5.2)
for any S, k ≥ 0,m ≥ 1.
Proof. It is easy to see that D0S,m = R
0
m = const. We apply an induction
argument on k. It suffices to prove (5.2) for k = l if it is true for all k ≤ l − 1.
We pick e1 ∈ S
0 and define δ1f(x) = f(x+ e1)− f(x), for any function f on G.
Since G is abelian, δ1L
S = LSδ1, then δ1 is a well defined linear operator,
δ1 : D
k
S,m → D
k−1
S,m .
By linear algebra,
dimDkS,m = dimker δ1 + dim im δ1, (5.3)
where ker δ1 and im δ1 are Kernel and Image of δ1. There is a natural projec-
tion P : Zm → Zm−1, for any x = (x1, x2, · · · , xm) ∈ Z
m, Px = x′, where
x′ = (x2, · · · , xm). For any generating set S for Z
m, S′ = {s′ | s ∈ S} is the
generating set of Zm−1. Moreover, S(t) := P tS is the generating set for Zm−t,
1 ≤ t ≤ m− 1.
For any f ∈ ker δ1, i.e. δ1f = 0, then f(x1, x2, · · · , xm) = g(x2, · · · , xm).
Hence
0 = LSf(x) =
∑
s∈S
(f(x+ s)− f(x))
=
∑
s∈S
(g(x′ + s′)− g(x′)) = LS
′
g(x′).
That is ker δ1 = D
k
S′,m−1. Hence (5.3) implies that
dimDkS,m ≤ dimD
k
S′,m−1 + dimD
k−1
S,m ,
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for any S, k ≥ 1, m ≥ 1. Then it follows that
dimDlS,m ≤ dimD
l
S′,m−1 + dimD
l−1
S,m
≤ dimDlS′′,m−2 + dimD
l−1
S′,m−1 + dimD
l−1
S,m
≤ · · · · · ·
≤ dimDl
S(m−1),1 +
m∑
i=2
dimDl−1
S(m−i),i
≤ 2 +
m∑
i=2
dimRl−1i
= dimRl1 +
m∑
i=2
dimRl−1i
= dimRlm,
where we use Lemma 5.1, the inductive assumption (5.2) for k ≤ l−1 and some
facts in Rn.
Now we can prove the main Theorem 1.4.
Proof of Theorem 1.4. It suffices to show that
dimDkS,m = dimR
k
m,
for any S, k ≥ 0 and m ≥ 1. We may assume k ≥ 2, otherwise it is trivial. By
S = −S, the Laplacian operator LS is a linear operator,
LS : P km → P
k−2
m . (5.4)
Since kerLS = DkS,m, we have
dimP km = dimkerL
S + dim im LS
≤ dimDkS,m + dimP
k−2
m
≤ dimRkm + dimP
k−2
m
= dimP km,
which follows from (5.2). Hence dimDkS,m = dimR
k
m.
Remark 5.3. In the above theorems, all the inequalities for the dimension com-
parison are actually equalities. Hence, we obtain that δ1 and L
S are surjective
linear operators. In fact, Heilbronn [22] used the technical lemma in difference
equation theory (see [23, 19]) that LS
0
: P km → P
k−2
m is surjective to calculate
the dimension. Conversely, by the dimension comparison, we obtain a more
general difference equation lemma.
Corollary 5.4. Let (Zm, S) be the Cayley graph of Zm. Then
δ1 : D
k
S,m → D
k−1
S,m ,
and
LS : P km → P
k−2
m (5.5)
are surjective linear operators.
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6 Dimension of Higher Order Harmonic Func-
tions
Let (G,S) be the Cayley graph of the finitely generated abelian group with a
finite generating set S, G ∼= Zm
⊕
⊕li=1Zqi .We define the nth Laplace operator
as
Ln,S = LS ◦ LS ◦ · · · ◦ LS ,
i.e. n-times composition of Laplace operators. A function u on G is called n-
harmonic if Ln,Su = 0. We use the results for Laplace operators in Theorem 1.2
and Corollary 5.4 to obtain the dimension estimate for higher order harmonic
functions.
Proof of Theorem 1.5. To simplify the argument, we only prove the theorem for
n = 2 which directly applies to general n. For the first assertion, it suffices to
show that H2,d(G,S) ⊂ P d(Zm) for any torsion-free G ∼= Zm (as in Theorem
4.1) since we may reduce the general case to this one. For a general G =
G1 ⊕ G2 ∼= Z
m
⊕
⊕li=1Zqi and a generating set S, we may find a torsion-free
G˜ ∼= Zm+l ∼= Zm⊕Zl and a generating set S˜ such that the Cayley graph (G˜, S˜)
is a natural covering of (G,S). For any f ∈ H2,d(G,S), the lifting function f˜
of f on G˜ is 2-harmonic and of polynomial growth in the sense of (G˜, S˜). This
implies that f˜ is a polynomial on G˜ by the torsion-free case. Since f˜ is periodic
in the factor Zl by the lifting, this yields that as a polynomial f˜ is constant on
Z
l. Hence f is a polynomial on Zm and constant on the G2 factor.
From now on, we assume G ∼= Zm. For any f ∈ H2,d(Zm, S),
L2,Sf = LS(LSf) = 0.
Since |LSf(x)| ≤ mmaxy∼x{|f(y)| + |f(x)|}, we have L
Sf ∈ Hd(Zm, S). By
Theorem 1.2 or 4.1, we know that LSf is a polynomial on Zm, denoted by
g := LSf. By (5.5) in Corollary 5.4, we may find a polynomial, say f1, satisfying
LSf1 = g. Hence L
S(f − f1) = 0. The polynomial growth of f − f1 implies that
f − f1 is actually a polynomial. This proves that f is a polynomial (In fact, f
is a polynomial of degree less than or equal to d by f ∈ H2,d(Zm, S)).
Now we calculate the dimension of H2,d(Zm, S). We set k = [d]. By (5.4),
we have a linear operator,
L2,S : P km → P
k−4
m . (k ≥ 4)
It is easy to see that kerL2,S = H2,k(Zm, S). Moreover, (5.5) implies that L2,S
is surjective. Hence
dimH2,k(Zm, S) = dimkerL2,S = dimP km − dimP
k−4
m .
This proves the theorem.
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